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(Dated: July 14, 2020)
The geometric scalar field theory built over ADM formulation of gravity. The quantum with
definite 3-metric with definite energy does have definite momentum only in the zero-gravity limit.
The quantum theory resolves singularities.
INTRODUCTION
There are primarily two major approaches to quantum
gravity. The first approach looks for unified field theory
that includes gravity and the second approach looks for
the space theory of matter [1]. This paper takes the sec-
ond approach which is also known as ‘geometrization of
matter ’ (refer corresponding section in [2] for philosoph-
ical discussion). In order to achieve this we need ADM
theory [3] as it brings gravity closer to matter fields by
casting it as a gauge theory. The history of quantum field
theories taught us that the quantization of relativistic
particles lead to the quantum field. Mathematically, this
was done by re-interpreting single-particle wave function
as a classical field. In the same way, geometrization of
matter is achieved by re-interpreting ADM Hamiltonian
constraints as classical field equation.
Although such re-interpretation is not new and has
been attempted by [4], [5], [6], [7] and several others. But
all these approaches include matter field along with the
gravitational field. Conceptually, if already matter field
φ exists in Φ(φ, qab) then what is Φ? In such theories, Φ
Usually describes a particular Universe and therefore the
scope of such theories is Multiverse. Mathematically, it
is the second quantization for the gravitational field but
it is the third quantization for matter fields. Wheeler-
DeWitt theory [8] is quantum theory of geometry but it
does not geometrize the matter. Refer [9] for more dis-
cussion on quantum geometrodynamics.
The geometric scalar field Φ defined over superspace
can be also be called as the scalar field over curved geom-
etry. Because on one hand it satisfies ADM constraints
for pure gravity. On another hand, it has well defined lo-
cal stress-tensor. Quantization is done in the co-ordinate
space. It is found that the Hamiltonian operator and the
momentum operator share common eigenstates only in
zero gravity limit. The theory resolves singularities.
The classical theory of the geometric scalar field is
done in the second section. A comparison with the Klein-
Gordon theory is done in the third section. The quanti-
zation is done in the forth section. The last section has
concluding remarks.
Note: R(3) is the Ricci scalar on 3-manifold of the
ADM theory. (ζ, ζA) is the DeWitt superspace over which
fields are defined.
CLASSICAL THEORY
The classical field equation or the Wheeler-DeWitt
equation is written in the DeWitt co-ordinates.(
∂2
∂ζ2
− 32
3ζ2
∂
∂ζA
G¯AB
∂
∂ζB
− 3
32
ζ2R(3)
)
Φ = 0 (1)
G¯AB is symmetric DeWitt metric on 5D manifold M
identified with SL(3,R)/SO(3,R) (refer [8] and [10] for
more discussion on the geometry of superspace). Com-
ponents of the 3-metric are ‘good’ co-ordinates. In such
co-ordinates G¯AB is diagonal. ∂Φ
∂qab
being function of the
3-metric only, it naturally satisfies diffeomorphism con-
straints DaP
ab ⇒ Da ∂Φ∂qab ≈ 0. On the single space-time
like interpretation
Φ(ζ, ζA) :=
∫
DP Φ˜(P0, PA)e
i(P0ζ0+PAζA) (2)
constraint equation gets recovered in terms of DeWitt
co-ordinates. The action functional for the field defined
1 is assumed to have the form
AΦ =
∫
Dζ
1
2
(
∂µΦG
µν∂νΦ− µ2Φ2
)
(3)
With
Gµν :=
(
1 0
0 − 323ζ2 G¯AB
)
µ2
(
ζ, ζA
)
:= − 3
32
ζ2R(3)(4)
∂µ :=
(
∂
∂ζ
, ∂
∂ζA
)
ζµ :=
(
ζ, ζA
)
Dζ is suitable measure over 6D manifold. Quantities
defined above are taken from DeWitt’s seminal paper [8].
Invariance of an action under variation of ζµ := (ζ, ζA)
give conserved quantities (can also be found in [4])
T νµ :=
∂L
∂
(
∂Φ
∂ζν
) ∂Φ
∂ζµ
− Lδνµ (5)
For now assume ζ as time and perform Legendre trans-
formation to get the Hamiltonian
HΦ =
∫
DζA
1
2
(
Π2 +
32
3ζ2
∂Φ
∂ζA
G¯AB
∂Φ
∂ζB
+ µ2Φ2
)
(6)
Π := ∂L
∂ ∂Φ
∂ζ
= ∂Φ
∂ζ
with L being Lagrangian density. The
conserved quantity corresponds to ζ is interpreted as the
2energy of the field Φ
E =
∫
DζA
1
2
((
∂Φ
∂ζ
)2
+
32
3ζ2
∂Φ
∂ζA
G¯AB
∂Φ
∂ζB
+ µ2Φ2
)
(7)
For µ2 < 0, the Hamiltonian would not have lower bound.
Therefore, introduce λΦ4 with some λ > 0 in order to
maintain the Hamiltonian to be positive definite.
HΦ =
∫
DζA
1
2
(
Π2 +
32
3ζ2
∂Φ
∂ζA
G¯AB
∂Φ
∂ζB
+ µ2Φ2 + λΦ4
)
(8)
This shows that quadratic coupling will be non-negative
regardless of the signature of 3-Ricci scalar and justifies
the use of ζ as the time for this theory. For R(3) < 0,
Φ is not necessarily self-coupled. In case of R(3) > 0, Φ
is necessarily self-coupled. Usually, the standard scalar
field theory is generalized to curved space-time by taking
ηµν∂µφ∂νφ → gµν∇µφ∇νφ and d4x → d4x√−g. But in
this theory, underline space-time itself is replaced with
the space of 3-metric and mass is generalized to intrinsic
geometry.
Note: The Ricci curvature scalar R(3) and cosmologi-
cal constant Λ are not on equal footing. The former one
has quadratic coupling whereas the latter one contributes
to the vacuum. Therefore, restriction on the relative sig-
nature of µ2 does not lead to restriction on the signature
of Λ.
Comparison with ADM theory
The geometric scalar field contains singularities that
are there in the ADM theory. For example, ζ = 0 repre-
sents the Big Bang singularity.
In ADM theory, N , Na and qab defined over four di-
mensional space-time manifold. Solutions of field equa-
tions give a particular space-time. Energy is defined only
in asymptotically inertial frame and the Hamiltonian is
zero. Whereas in this theory, Φ is defined over six dimen-
sional manifold (Gabcd,M) (refer [8]) and satisfies ADM
constraints. Every point in the superspace represents a
particular space-time geometry. The theory has well de-
fined local stress tensor.
Φ propagates only along time-like ζ ≥ 0 direction. On
the single space-time like interpretation Φ ≈ e±iPabqab
we recover ADM constraints. The existence of µ2 ≥ 0
mean restrictions on the extrinsic curvature (through
P ab) which gives time evolution.
LINEARISED WHEELER-DEWITT FIELD AND
K-G FIELD
This section is divided into two parts. In the first part,
full six dimensional superspace is linearized. In the sec-
ond, four dimensional linear subspace is considered.
Gravitational waves
Define qab := δab + hab with δab >> hab.
SL(3,R)/SO(3,R) superspace ζA := (r1, r2, θ1, θ2, θ3)
has three compact and two non-compact co-ordinates.
(
∂2
∂ζ2
− ∂
2
∂~ζ2
+ µ2
)
Φ = 0 (9)
The factor 323 is absorbed inside co-ordinates. Using Iwa-
sawa decomposition SL(3,R)/SO(3,R) can be written in
terms of 
r1 0 00 r2 0
0 0 1
r1r2



1 θ3 θ20 1 θ1
0 0 1

 (10)
r1 and r2 produce deformations along axes by preserv-
ing volume. Whereas other three are deformations along
respective plane. The first matrix describe +-polarised
wave. To see this, assume ~ζ = r1.
(
r1 0
0 1
r1
)
(11)
But Φ oscillate with r1. Oscillations along axes are such
that the volume is preserved. Similarly, the second ma-
trix describe ×-polarized wave.
Four dimensional subspace
The boundary of five dimensional superspace is com-
pact three dimensional subspace (θ1, θ2, θ3). The DeWitt
metric G¯AB is diagonal with constant entries which can
be taken care of by redefining co-ordinates. Asymptotic
symmetries of this space are discussed in [11]. The su-
perspace is linearized by using transformation A67 of [8].
It is obvious yet important to mention that curvatures
of the physical space-time namely intrinsic curvature
R(3) and extrinsic curvature K does not change under
these transformations. Although, the superspace looks
like Minkowski space-time, the length element dl2 =
dθ21+dθ
2
2+dθ
2
3 is not Euclidean. More discussion on this
can be found in [11], section II. For R(3) = − 323 m
2
ζ2
, the
Wheeler-DeWitt equation becomes Klein-Gordon equa-
tion for massive scalar field on R× S3.(
∂2t − ∂2~θ +m2
)
Φ = 0 (12)
m now can be interpreted as the mass of scalar field. For
full theory, it can be interpreted that ∂Φ
∂ζ
plays a role of
φ˙, ∇φ gets generalized to ∂AΦ and mass is generalized
to intrinsic geometry.
3QUANTUM THEORY
Presence of singularities often show limitations of the
theory. Quantum effects assumed to take over the clas-
sical effects in this region. In order to check if corre-
sponding quantum theory resolves those singularities, the
quantum theory is done. Quantization of non-linear clas-
sical theory comes with cost of raising creation and an-
nihilation operators to vectors on co-ordinate space. An-
other advantage of quantization is that, it is possible to
relate (ζ, ζA) to (t, ~x).
Define vector-valued annihilation and creation opera-
tors
aA :=
1√
2
(
ΠnA + i
√
32
3ζ2
∂Φ
∂ζA
+ iωΦnA
)
(13)
a†B :=
1√
2
(
ΠnB − i
√
32
3ζ2
∂Φ
∂ζB
− iωΦnB
)
nA is a unit vector i.e., G¯
ABnAnB = 1 and normal to 5
dimensional surface. ω
(
ζ, ζA
)
is a solution to the Riccati
equation (17).
1
2
(
a†AG¯
ABaB + aAG¯
ABa†B
)
(14)
= 12
(
Π2 + 323ζ2
∂Φ
∂ζA
G¯AB ∂Φ
∂ζB
+ ω2Φ2
)
+ω
√
32
3ζ2 nAG¯
AC
(
∂Φ
∂ζC
)
Φ
The last term can be re-written as
ω
√
32
3ζ2 nAG¯
AC
(
∂Φ
∂ζC
)
Φ = ∂
∂ζC
(
ω
√
32
3ζ2 nAG¯
AC 1
2Φ
2
)
(15)
− ∂
∂ζC
(
ω
√
32
3ζ2 nAG¯
AC
)
1
2Φ
2
Integral of the first term on the right hand side is surface
Integral. Assume it to vanish on the surface. Then
ω
√
32
3ζ2
nAG¯
AC
(
∂Φ
∂ζC
)
= − ∂
∂ζC
(
ω
√
32
3ζ2
nC
)
1
2
Φ2(16)
Now ω ∈ R is chosen which is the solution to following
Riccati equation
ω2 − ∂
∂ζC
(
ω
√
32
3ζ2
nAG¯
AC
)
= µ2 (17)
Boundary condition which gives correct classical limit
should be used in order to solve the differential equa-
tion. For example, in case of FLRW κ = 0 model, ω
should be such that the spectrum of the Hamiltonian op-
erator is continuous in the limit q(t) → ∞. In case of
static space-time, ω should be such that the spectrum
of the Hamiltonian operator is continuous in the limit
qab → ηab with ηab being flat 3-metric (the one that gives
R(3) = 0). Computing the non-trivial commutator
a†AG¯
ABaB − aAG¯ABa†B (18)
= i2
√
32
3ζ2 nAG¯
AB
(
Π ∂Φ
∂ζA
− ∂Φ
∂ζA
Π
)
+ i2ω (ΠΦ− ΦΠ)
= i2
√
32
3ζ2 nAG¯
AB ∂
∂ζA
[Π,Φ] + i2ω [Π,Φ]
Using identity d
dx
δ(x) = − 1|x|δ(x), we get
[
a, a†
]
= εPl
(√
32
3ζ2nAG¯
AC |ζC | − ω
)
δ
(
ζC , ζ′C
)
(19)
Since this is the quantization of geometry, the Planck
energy εPl appears in stead of ~. ζC is inverse of ζ
C .
Writing the Hamiltonian operator in the discrete space
HΦ =
∑
ζA a
†
AG¯
ABaB (20)
+ δ(0)2 εPl
∑
ζA
(√
32
3ζ2nAG¯
AC |ζC | − ω
)
The second term is the vacuum term. The quantum vac-
uum is a sea of constantly creating and annihilating ge-
ometries. Discarding this term and writing the Hamilto-
nian operator in terms of number operator nˆ
HˆΦ = εPl
∑
ζA
∣∣∣∣
√
32
3ζ2
nAG¯
AC |ζC | − ω
∣∣∣∣ nˆ (21)
Appearance of differential equation (17) is not surprising.
The scalar quantum of Klein-Gordon field has to satisfy
ω2 = k2 +m2. In the same way, quantum of this theory
satisfy (17). The field Φ has single degree of freedom.
Therefore the quantum is scalar. Π is a collection of
creation and annihilation operator but Φ depends non-
linearly on creation and annihilation operators.
Hilbert space
Canonical commutation relations in discrete super-
space are given as [
a†, a†
]
= [a, a] = 0 (22)[
a, a†
]
= α δ~ζ,~ζ′ (say)
Where α := εPl
(√
32
3ζ2nAG¯
AC |ζC | − ω
)
is set for simplic-
ity. These commutation relations allow us to construct
the Hilbert space following experience of Harmonic oscil-
lator with a major difference. The role of creation and
annihilation operator get interchanged depending on the
signature of α. Define vacuum |0〉 which gets annihilated
by annihilation operator. Assuming α > 0
aA|0〉 = 0 (23)
any k-th state can be obtained by using creation operator
|k
ζ,~ζ
〉A = 1√
k!
(
a†A(ζ, ~ζ)
)k
|0〉 (24)
The state represents k number of quantum with (ζ, ζA).
The solution ω ∈ R is required for self-adjointness of
the Hamiltonian. The Fock space can be obtained as
4(keeping α > 0 in mind and assuming every state is a
vector in the five dimensional superspace)
|k1ζ, ~ζ1 , k2ζ, ~ζ2 , ..., knζ, ~ζn〉 (25)
:= |k1ζ, ~ζ1〉 ⊗ |k2ζ, ~ζ2〉 ⊗ ...⊗ |knζ, ~ζn〉
The inner product is defined as
〈k2ζ,~ζ′ |k1ζ,~ζ〉 = δk1,k2δ
(
~ζ, ~ζ′
)
(26)
Discussion
Momentum: The momentum operator defined using
stress tensor (5)
PˆC = − 32
3ζ2
∑
ζA
(
G¯CB
∂Φ
∂ζB
)
Π (27)
does not share common eigenstates with the Hamiltonian
operator. This is because Φ depends non-linearly on cre-
ation and annihilation operators. Therefore the quantum
with a particular 3-metric does not have well-defined mo-
mentum at the quantum level.
Singularities: Take geometries with R(3) = 0 for
which there is no Riccati equation or equivalent to taking
trivial solution ω = 0 to (17).
HˆΦ =
√
32
3
εPl
ζ
nˆ
∑
ζA
nAG¯
AC |ζC | (28)
• Spatially flat Universe
It can be easily observed that the frequency of the quan-
tum gets red-shifted with time ζ. If it is evolved back-
wards, the energy hits the singularity. But if the energy
of the Universe is assumed to be finite, say EU . Then
the Universe began at
ζ0 =
√
3
32
εPl
EU
∑
ζA
nAG¯
AC |ζC | (29)
Unless compared with ADM theory, the theory itself has
no reference to the volume of the Universe. The Hamil-
tonian spectrum becomes continuous in the limit ζ →∞
confirms correctness of solution ω = 0 and therefore cor-
responding quantum theory.
• Schwarzschild geometry
Isotropic space-time is chosen i.e. qab := f(r) ηab with ηab
being flat 3-metric. The space-time is static. Therefore,
setting ζ = 1 and ζA = f imply ζC =
1
f
. The DeWitt
metric is G¯AC ∝ f2. Without loss of generality it can
be set equal to f2. The unit vector nA =
1√
det G
. These
quantities make nAG¯
AC |ζC | = 1.
HˆΦ = nˆ
√
32
3
εPl
∑
f
1⇒ nˆ
√
32
3
εPl
∫ f
1
df (30)
= nˆ
√
32
3
(f − 1)
The Hamiltonian spectrum becomes continuous in the
limit f(r) = 1 (which happens in the limit r →∞) con-
firms correctness of solution ω = 0 and therefore cor-
responding quantum theory.
√
32
3 εPlf is the energy of
the quantum with metric f . Finiteness of the total en-
ergy of a particular black hole imply existence of up-
per limit fmax for a given energy of a particular black
hole. In isotropic space-time, the event horizon occurs at
f0 =
(
1 + M2r0
)4
= 24. Minimum allowed value of fmax
for black hole formation is f0. The energy of such black
hole is
EPlanckBH =
√
32
3
εPl (f0 − 1) ≈ 49 εPl (31)
This is the Planck scale black hole! An expression
f0 =
(
1 + M2r0
)4
is used to infer the energy scale and
nowhere mass or radius of event horizon of a black hole
is assumed.
Measurement: What is measured is the 3-metric
and not the position of the quantum. If the quan-
tum state is prepared in the superposition of several
3-geometries, once the measurement (of the 3-metric)
is performed, a particular 3-geometry will be observed.
Quantum mechanically, there is no limit on how fast
the quantum can change its 3-geometry because energy
eigenstates are not momentum eigenstates. This is in
stark contrast with standard quantum field theories in
the flat space-time where quantum with the definite en-
ergy has definite momentum but does not have well de-
fined position. In the light of Young’s double slit experi-
ment, quantum particles described by 3-geometry (here it
is path) are in superposition before observation. But on
the measurement, a particular path is observed. There
is no mystery (that quantum particles travel backward
in time) of loss of interference pattern while observing a
quantum particle after passing through slit.
Linearized Theory
The Hamiltonian operator for the theory which is lin-
earised in the classical section is a standard Hamiltonian
operator for the scalar field.
HˆΦ =
∑
~k
ω~k
(
a†~ka~k +
1
2
)
(32)
5with ω~k =
√
|~k|2 +m2. Creation and annihilation op-
erators are defined in a standard way. The momentum
operator is obtained as
PˆΦ =
∑
~k
~k a†~ka~k (33)
The momentum operator shares common eigenstates
with the Hamiltonian operator. The particle with def-
inite energy has definite momentum.
CONCLUSION
The relationship between ADM theory and the
framework presented in this paper is similar to that of
the relationship between the special theory of relativ-
ity and quantum field theory. Every geometric quantum
obeys ADM constraints but have well-defined local stress
tensor.
Mass is generalized to intrinsic geometry. Every quan-
tum follows ADM constraints and the energy spectrum
is geometric.
The geometric field with R(3) > 0 is necessarily self-
coupled field. But the geometric field with R(3) ≤ 0 can
be a free field.
Π is a linear combination creation and annihilation op-
erators whereas Φ is a non-linear function of creation and
annihilation operators. The quantum theory is unique
because only valid solution ω to the Riccati equation is
the one that has a consistent classical limit.
The quantum of the geometric scalar field has definite
3-geometry and energy but does not have definite mo-
mentum. The theory has a consistent flat space-time
limit.
The application to the spatially flat Universe shows
that the Universe with finite energy began at finite non-
zero ζ. For ADM theory that means the initial volume
of the Universe was finite and non-zero. But unlike Loop
Quantum Cosmology there is no quantum Big Bounce in
the theory.
Application to Schwarzschild space-time shows the ex-
istence of the Planck scale black hole. The theory sets
upper bound on fmax. The energy of a black hole is pro-
portional to its area. Because
√
f is dimensionless length.
Tiniest possible black hole has energy 49εPl.
Due to the existence of correspondence with the Klein-
Gordon field, it opens the door for the geometrization of
the spinor field.
∗ Electronic address: avdhoot.purohit@gmail.com
[1] General theory of relativity - On the space theory of
matter - Cifford, W.K.; DOI: 10.1016/b978-0-08-017639-
0.50009-1
[2] A modern look at the origin of the Universe - Sten
F. Odenwald, Zygon: Journal of Science and Religion,
volume 25, issue 1 (1990); DOI: 10.1111/j.1467-
9744.1990.tb00868.x
[3] Republication of: The dynamics of general relativity -
Richard Arnowitt; Stanley Deser; Charles W. Misner;
General Relativity and Gravitation, volume 40, issue 9
(2008); DOI: 10.1007/s10714-008-0661-1
[4] Third quantization and Wheeler-DeWitt equation -
Michael McGuigan, Phys. Rev. D Vol. 38, 3031, 15
November 1988.
[5] Third quantization: modeling the universe as a ’particle’
in a quantum field theory of the minisuperspace - Prez, S
J Robles, Journal of Physics Conference Series, Volume
410 (2013), DOI: 10.1088/1742-6596/410/1/012133
[6] On third quantization and the cosmological constant -
Rubakov VA., Physics Letters B, Volume 214, Issue 4
(1988); DOI: 10.1016/0370-2693(88)90108-6.
[7] Strominger A. Baby Universes. In: Coleman S, Hartle
JB, Piran T, Weinberg S, editors. Quantum Cosmology
and Baby Universes. vol. 7. World Scientific, London,
UK; 1990.
[8] Quantum Theory of Gravity I The Canonical Theory
- Bryce S DeWitt, Physical Review (Series I), Volume
160, Issue 5 (1967); DOI: 10.1103/physrev.160.1113.
[9] Quantum geometrodynamics: whence, whither? - Claus
Kiefer, Journal: General Relativity and Gravitation,
Vol. 41, Issue 4, 2009; DOI: 10.1007/s10714-008-0750-1.
[10] What is the Geometry of Superspace ? - Domenico
Giulini, https://arxiv.org/abs/gr-qc/9311017, DOI:
10.1103/PhysRevD.51.5630
[11] Infinite symmetry on the boundary of SL(3,R/SO(3,R))
- Heikki Arponen, https://arxiv.org/abs/1111.2295,
DOI: 10.1063/1.3698287
